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Nobuki Maeda 

Department of Physics, Hokkaido University, Sapporo 060-0810, Japan 

We study a pairing mechanism for the quantum Hall system using a mean field theory with a basis 
on the von Neumann lattice, on which the magnetic translations commute. In the Hartree-Fock- 
Bogoliubov approximation, we solve the gap equation for spin-polarized electrons at the half-filled 
Landau levels. We obtain an effective Hamiltonian which shows a continuous transition from the 
compressible striped state to the paired state. Furthermore, a crossover occurs in the pairing phase. 
The energy spectrum and energy gap of the quasiparticle in the paired state is calculated numerically 
at the half-filled second Landau level. 
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I. INTRODUCTION 

The fractional quantum Hall effect (FQHE) [0 is observed around rational filling factors with odd denominators 
in the lowest Landau level. This effect is caused by the formation of the incompressible liquid state ||. Recent 
experiments showed that the compressible state around the half-filled lowest Landau level is similar to the Fermi 
liquid. In the composite fermion theory J3|, this Fermi-liquid- like state is described by the composite of an electron 
and two flux quanta, which behaves like a free electron with no magnetic field in the mean field approximation. 

In the second Landau level, the situation dramatically changes; the FQHE is observed around the half-filling . The 
origin of this quantum Hall state is still mysterious. Recent numerical works (||| seem to support the Pfaffian state 

p[, which has the spin-polarized p-wave pairing potential, rather than the spin-singlet paired state |10|. However 



the microscopic explanation for this pairing mechanism is not known yet. More quantitative search is, therefore, 
needed on the basis of the microscopic BCS-likc model. In the present paper, we study the paired state in the mean 
field theory starting from a microscopic Hamiltonian. 

It was shown that the Fermi-liquid-like state can be constructed at an arbitrary filling factor in the von 
Neumann lattice formalism |l2| . In a strong magnetic field, the free kinetic energy is quenched and the kinetic energy 
is generated from the Coulomb interaction. If the translational symmetry on the von Neumann lattice and U(l) 
symmetry are unbroken, the Fermi surface is formed in the magnetic Brillouin zone in the mean field theory. In the 
Hartree-Fock approximation, this state corresponds to the striped state [|l3| which is observed at half-filled second 
and higher Landau levels 0J19]. In Ref. ||, the first order transition from striped state to paired state is obtained 
in the numerical calculation of small systems. We regard this striped state as the normal state and examine the U(l) 
symmetry breaking mechanism. The hopping potential e(p) and gap potential A(p) are determined self-consistcntly 
in the Hartree-Fock-Bogoliubov approximation. 

Naively it seems that the formation of the paired state by only the repulsive force is impossible in the mean field 
theory. However, screening effect could make the potential attractive for the pairing. In fact, the quantum effect of 
fermion loop screens the Coulomb potential and the pseudopotential in the Landau level space becomes attractive. 
Depending on strength of the screening effect, there are two phases, that is, stripe phase and pairing phase. On the 
basis of this observation, we construct an effective Hamiltonian which shows a transition from the striped state to the 
paired state. The transition is continuous and very smooth. The energy spectrum of the quasiparticle is obtained and 
energy gap is calculated numerically. Furthermore, we find a crossover from the pairing phase to the gap-dominant 
pairing phase in which the low-energy excitation occurs around zeros of the gap potential. 

The paper is organized as follows. In Sec. II, a mean field theory on the von Neumann lattice is presented and 
self-consistency equations are obtained. In Sec. Ill, we analyze the self-consistency equations and a screening effect. 
It is shown that there are a stripe phase and pairing phase depending on strength of the screening effect. In Sec. IV, 
we present an effective Hamiltonian which shows a transition from the striped state to the paired state and calculate 
the energy spectrum of the quasiparticle. Summary and discussion are given in Sec. V. 
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II. HARTREE-FOCK-BOGOLIUBOV APPROXIMATION 



We consider two-dimensional electron systems in the presence of a perpendicular uniform magnetic field B. The 
free particle energy is quenched to the Landau level energy Ei = huj c (l + 1/2), I = 0, 1, 2 . . ., where cu c = eB/m e (the 
cyclotron frequency). We suppose that the electrons are spin-polarized and ignore the spin degree of freedom. In this 
system, the translation is generated by the magnetic translation operators T(x,y) with displacement vector (x,y). 
T(x, y) commutes with the Hamiltonian. However, magnetic translation operators are non-commutative, that is, 

T( Xl , yi )T(x 2 , y 2 ) = e i *^- x ^T(x 2 ,y2)T(x 1 ,y 1 ). (2.1) 

Therefore, the translation becomes commutative if we restrict the displacement vectors on a two-dimensional lattice 
which has a unit cell with an area 2irh/eB. This lattice is called the von Neumann lattice. We consider lattice sites 
a(m, n), where to, n are integers and lattice spacing a — ^j2nTi/eB. Then T(mo, na)'s commute with each other and 
have simultaneous eigenstates as 

T(ma, na)u Up {v) = e l{p * m+p " n)a/h ui, p {r) (2.2) 

in the I th Landau level. We call p = (p x ,p y ) the momentum and ui }P (r) the Bloch wave on the von Neumann 
lattice, which is defined on the Brillouin zone \p x \, \Py \ < ich/a. It was proved that the eigenstates form an orthogonal 
complete set 0Jl^] . For simplicity, we set a — Ti = c = 1 . 

The Bloch wave ui p (r) is constructed by using the coherent states of the guiding center coordinates (X, Y) defined 

by 

X = x-£, 

Y = y-n, (2.3) 
^ = ^-% + eA ^ 

f] = -7B { - t d x - + eAx) > 

where W x A — B and (£,rf) are called the relative coordinates. These operators satisfy the following commutation 
relations, 

[t,ri\ = -[X,Y\ = -£, (2.4) 
[t,X] = [t,Y] = [r,,X] = [Ti,Y]=0. 

The coherent states of (X, Y) are defined by 

(X + iY)f lmn (r) = (m + in)f lmn (r), (2.5) 

^(£ 2 + V 2 )fimn(r) = E l f lmn {v). (2.6) 
Note that these coherent states are non-orthogonal complete set as 

dV*,m'+m,»'+«(r)/;w,„'(r) = tf H , e <*(™+»+™)-* (™ 2 +™ 2 ). (2.7) 
Using /i mn (r), the orthogonal basis ui tP (r) is given by 

M*) = i E e lp * m+lPyn fimn(r), (2.8) 

where /3(p) is a normalization factor jL2|. In this basis, two-dimensional momentum is a good quantum number and 
the Fermi surface is formed in the mean field theory pJj ]. It was shown that the mean field state could explain the 
anisotropic compressible state observed at the half-filled second and higher Landau levels |l3| . Therefore the basis on 
the von Neumann lattice is useful tool to investigate the physics at the half-filled second and higher Landau levels. 
Fourier transforming the Bloch wave, we can obtain the orthogonal localized basis JL7[ 
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«>l,x(r) = / ^u Lp (r)e-^ m+p ^ +tX ^ (2.9) 

where X = (m, n), BZ stands for the Brillouin zone, and X(p) represents the gauge degree of freedom which is taken 
to satisfy the periodic condition in the Brillouin zone. We call this basis the Wannier basis. This basis is localized on 
a position of the lattice site. The explicit forms of these bases are given in Ref. 12 1. 

Using the Bloch wave basis and Wannier basis, we can expand the electron field operator ip(r) as 

oc 

= £E¥ X Hx(r), (2.10) 
2=0 x 

where ai(p) and &;(X) are anti-commuting annihilation operators in the momentum space and lattice space, respec- 
tively. The total Hamiltonian of the present system is 

H = f d 2 r^{r) [ ~ l \ + eA) \ (v) +\( d 2 rd 2 r' : (p(r) - Po )V(r - r')(p(r') ~ Po ) :, (2.11) 
J 2m e 2 J 

where colons mean the normal ordering, p(r) = ip' (r)ip(r), V(r) = q 2 /r, and po is the uniform background density. 

Let us project the system to the I th Landau level space. Up to the Landau level energy Ei, the projected 
Hamiltonian iJ® is written as 

ffW = \ ■ ^(X 1 )& ; (X' 1 )U i (X,Y,Z)6 / t (X 2 )& ; (Xi) • (2.12) 

where X = Xi - X' 1; Y = X 2 - X' 2 , Z = Xi - X' 2 , and Vj(X, Y, Z) is given as 

vKx,y,z)= f-flL f *n ^ ^ (fc)e ib 1 -x +P2 . y+fc .z + /( P1 , Pl+fc)+ /( P2+fc , P2 )] ) (213) 

J (.27TJ J BZ (2tt) (Ztt) 

fP+k 

f(p + k,p) = / (a(p') + V pl \{p'))dp'. (2.14) 



Here a(p) is a vector potential, V p = (5^-, ^ _ ) ; V p x a(p) = — 1/27T which is a unit flux penetrating the momentum 
space, and the line integral is along a straight line. The effective Coulomb potential in the I th Landau level vi is 
given by 

i^HIM^)} 2 ^^, (2-15) 

and vi (0) = due to the charge neutrality condition, where Li is the Laguerre polynomial. 

The system is translationally invariant in the lattice space and in the momentum space with the uniform magnetic 
field V x a(p). The translational symmetry in the momentum space is called the K-invariance. We consider the case 
that the K-invariance is spontaneously broken and the kinetic term is ind uced through the correlation effect. 

We apply the mean field approximation to the projected Hamiltonian ( 2.12 ). Let us consider the following mean 
fields, which are translationally invariant on the von Neumann lattice, 

^(X-X') = <6, t (X / )6 l (X)), 
C// +) (X-X') = (fe|(X')^(X)), (2.16) 

l//- } (x-x') = (mx') M x)). 



These mean fields break the K-invariance and U(l) symmetry. C/, satisfies u\ ^*(X) = uj- + \— X) and Uj- (— X) = 



—Jjj '(X). Using these mean fields, we approximate as 
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fl£L = E - X '){«f(X' - X') - «f (X' - X)}6t( X )6(X') 

XX' 

\ {^ (+) (Y)^(X-X',Y)6 ; (X)fe ; (X') 

C//- ) (Y)^ s (-Y,X'-X)6t(X)6t(x')}. (2.17) 
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Here the Hartree potential and Fock potential vf are given by the following sum rules 

£V,(X,Y,Z) = « ; ff (X),S x Y , (2.18) 

z 

X>,(X>Y-X,Z)=«f(Z)tf, (2.19) 



A" 

where 



wf r (X)=«,(27rX), (2.20) 

„f(X) = | ^g^(fc) e ** (2.21) 

We define the Hartree- Fock potential as wp F (X) = vf(X) — vf (X.) and its Fourier transform as Sj (p). The 
Bogoliubov potential V^ B is written as 

^ S (X,Y) =^y,(X + Z,Y + Z,Z) 

z 

=LM^ BMe '"'' x+ '"'' r ' (2 - 22) 

and V^- B (pi,p2) is given by 

V; B (pi , p 2 ) = E S J (Pi + + 27r^)e l[/(pi '- p2 -2**0+/(-m ,P2+^N)) ) (2 23) 

where = (iV^, iVy), iV x , N y are integers. Then we introduce the hopping potential e and gap potential A as 

e l ^ = U l (X)vf F (-X), (2.24) 

A*, x = (Y)Vi s (-X,-Y). (2.25) 

y 

We define these Fourier transforms as £;(p) and A;(p)e _l ( A(i '* l+A (~ p * l - ) , respectively. The phase factor of the gap 



potential is the same in Eq. (2.E). VJ S satisfies VJ B (— X, — Y) = V l B (X,Y) and we have Ai_x = —A^x- Using these 



potentials, the mean field Hamiltonian reads 

H { JLn = E kx-x'to&KX') + iA z * x ,_ x 6(X)6(X') + Ia^-x^X')^*)]- (2.26) 

XX' 

This Hamiltonian is diagonalized by the Bogoliubov transformation in the momentum space. We fix the gauge of 
vector potential a in the momentum space as a{p) = (p y /2ir, 0). In this gauge, the boundary conditions in the 
Brillouin zone are given by 

ai{p + 2ttN) = eS^+^-^yP^aiip), (2-27) 
A ; (p + 2ttJV) = e - 2tN y p * Ai(p). (2.28) 



Equation (2.28) and the relation A;(— p) — — A/(p) make the gap potential A;(p) have four zeros at p = (0,0), (0,7r), 



(7T, 0), and (-7T, 7r). We assume £;(— p) = £i(p)- Ui and t/, are calculated by using if mean- Then, the hopping potential 



and gap potential in Eqs. (2.24) and (2.25) are determined by the self-consistency equations, 
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6(p) 

Mp) = - j 



d 2 pi Eiipx) - Ciipt) _jjp 



BZ (2tt) 2 2E,(p 1 



«/ (Pi - P) - M; 
(Pi -Pje Jp 



(2tt) 2 2£ / (pi, 

where is the chemical potential and Ei (p) is the spectrum of the quasiparticlc which is defined by 



Ei( P ) 
6(*>) 



£/(p) - A 4 - 



|A ; (p)| 2 



(2.29) 
(2.30) 



(2.31) 
(2.32) 



These self-consistency equations are equivalent to sum up infinite diagrams of the Fermion self-energy part. Note 
that the integral region of Eq. ( |2.3C ) are infinite. Note also that the gauge field appears in the gap equation (2.30). 
The gauge field represents two unit flux on the Brillouin zone. This corresponds to the flux carried by the Cooper 
pair (a(p)a(—p)) which is separated between p and — p in the Brillouin zone. The mean field (a^(p)a(p)), on the other 



hand, is placed on the same point. Therefore no gauge field appears in Eq. (2.29) 



The filling factor of the I th Landau level is denoted by vi and total filling factor is given by v = I + vi . Using the 
mean fields, the filling factor is given by 



In the limit of A — > 0, v\ is equal to J BZ 9(fi 



1 f d 2 P 6(p) 
BZ (2tt) 2 2E l {p\ 

e l (p))d 2 p/{27:) 2 . 



(2.33) 



III. STRIPE PHASE AND PAIRING PHASE 



In this section, we analyze the self-consistency equations ( [2.29 ) and ( 2.30 ). It is shown that the screening effect 
plays important roles for the pairing mechanism. For simplicity, we omit the Landau level index I and use q 2 /a as 
the unit of energy. 

It is convenient for solving Eq. (2.29) to use the following mode expansions, 

£(p) = £6ce^, 

x 

£0) _S^„__„iX-p 



E{P) 



E 



77 X e 



where £_x = £x, f?-x = ?7x, and £x, ??x are real numbers. Then Eq. ( 2. 29] ) becomes 

i; HF (X) 



6c = - 



-77x, for X ^ 0, 



£o = r Wo - 1) - M- 



(3.1) 
(3.2) 

(3.3) 
(3.4) 



The zero mode r/o is related to the filling factor as vi = (1 — rjo)/2 by Eq. (2.33). Therefore the zero mode £o is 
determined by [i and vi. In particular, 770 — for the half-filling case (yi = 1/2). We introduce hopping parameters 
fx = — 2£x and regard £x as a functional of tx's and A(p). Then the self-consistency for fx is written as 



*X = -2Cx[{i(m,n)} I A(p)]. 

Using £( m ,„), the hopping term is written by - J2m,n>0 t ('m,n) cos(p x m +p y n )a i (p)a(p). 
Next we discuss the self-consistency for the gap potential A(p). Eq. (2.30) is rewritten as 



(3.5) 



A(p) 



d 2 k 



1 ' 2E(p) 



(3.6) 



where D = (— i-^ — I- 2a x ,—i-^ — I- 2a y ). It is convenient to introduce eigenfunctions of the operator D 2 , that is, 
T> 2 ip n (p) = e n tp n (p) with e„ = (2n+ 1)/V, n = 0, 1, 2, The index n labels the n th Landau level in the momentum 
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space. The eigenfunctions which obey the same boundary condition as the gap function are doubly degenerate and 
are given by 



(2iV H +l)7r)^ 

27T 



^=(l) n/2 (D x ~ i D y r4 2 \p), (3.7) 



^)( p ) = Nn J2 H n ( Py +^y 7T y^ vP ,-^( Py+ 2N y ,f 



= ^{^{D x -iD y r^{p), (3.8) 

i (2) (3) 

where H n is the Hermite polynomial, N n = l/v2 n_1 n!, and Vfi j V'o are written by theta functions as 

4 2) ( P ) = Noe- P iM P ^ ± ^\2i), (3.9) 
4 3 \p) = i\T oe -itf 3 (^±^|2i). (3.10) 

7T 

These eigenfunctions have the parity symmetry, ip n {—p) — {—) n ip n {p). Therefore the gap potential can be expanded 
by tp2n+i{p)- Furthermore the eigenfunctions satisfy the following relations 

i>W( Px + 7T,Py) = -i>W( Px ,Py), (3.11) 

i,W{p x +TV, Py ) = ^ n 3) ( Px ,Py), (3.12) 

^ ] (p x ,Py + n) = e-^^Hp^py), (3.13) 
^\p x , Py + tt) = e-^^\p x ,py), (3.14) 

and ^ n (7rm, 7m ) = 0. Moreover $j '(nn/2, n) = and V>™ (7m/ 2 >°) = °- We 

can expand the gap potential as 
A(p)= E <£V£L(p), ( 3 - 15 ) 

ra>l,i=2,3 

E 4Mtr(p). (3-16) 

^ n>l,i=2,3 



Then Eq. fl2.30|) becomes 



c « = _^ 4i)) (3 _ 17) 



d 2 /c fc 2 
/^2 5 ( fc ) L ™(^ 

(Z7T) Z 27T 



R n= I 77^v{k)L n { — )e--. (3.18) 



Note that although F„'s have the same form as the Haldane's pseudopotentials p0[ , the physical meaning is different. 
Haldane's one is the 2-body interaction projected to the relative angular momentum in the single Landau level. It is 
not screened by definition. The potential F n , on the other hand, is a potential appearing in the gap equation which 
is renormalized by higher order corrections. Actually the potential F n is screened by the polarization II(p) due to the 
Fermion loop diagrams. We approximate the screened potential as 

v(p,m TF ) = l/(v{pY 1 + to T f), (3.19) 
m TF = -n(0), (3.20) 

where totf is the Thomas-Fermi mass. Calculating the one-loop diagram, ttitf is given by 

f <fp |A( P )| 2 

mTF = izW%F (3 - 21) 
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We use the screened potential v{p, totf) in the Fock potential (2.21) and Bogoliubov potential ( [2.23 ). In the zero 



limit of the gap potential A, totf becomes the density of states on the Fermi surface. It should be noted that the 
Hartree potential v H is not screened because the polarization effect is automatically included in the self-consistency 
equation. 

The totf dependences of the hopping strength w HF (X) and pscudopotentials F n are plotted in Figs. (l)-(6) for 
I =0, 1, 2. As seen in these figures, potentials change their signs at Totf ~ 1-0 ~ 2.0. Especially for I =1 and 2, all 
potentials change their signs together at large totf- This observation leads us to a strong statement for I — 1 and 2. 



Using Eqs. ( 3. 1 )-( 3.4 ) and Eqs. (3.15)- (3.18), the following inequalities are concluded at V\ = 1/2, 



ttp) 2 d 2 k ^ w HF (X) , n 

V >Q (3 23) 

e<p) w ~ „^ =2i3 2 ^ ' * °- ^ 

Therefore, a$ = for all n and i at small totf and we obtain U(l) symmetric phase (A(p) = 0). This phase was 
studied in the Hartree-Fock approximation. It was shown that the compressible striped state is favored in this phase 
p8| , ^9|Jl3| . At large to,tf for I =1 and 2, r;x = for X ^ and we obtain a pairing phase. Thus, in the Hartree- Fock- 
Bogoliubov approximation, the stripe phase makes transition to the pairing phase for totf > 1-0 ~ 2.0. In this pairing 
phase, £ = and the energy spectrum of the quasiparticle becomes |A(p)|. Hence, there are at least four gapless 
points in the Brillouin zone for the obtained paired state. This peculiar result conflicts with the experiment p| and 
numerical calculations |^|, in which the paired state has an energy gap. Furthermore we find that the self-consistency 
for totf ( |3.21 ) is not satisfied, which goes to infinity as iterating the numerical calculations. This means that the 



fluctuation is too large and the mean field solution is not stable. In the next section, we change the summation of 
infinite diagrams of the Fermion self-energy part and obtain a self-consistent paired state with an energy gap. 

IV. EFFECTIVE HAMILTONIAN FOR THE STRIPED AND PAIRED STATE 

In this section, we present an effective Hamiltonian which has a striped state as the normal state and paired state 
as the U(l) symmetry breaking state. We focus our argument on the half-filled second Landau level space, that is 
I = 1, v = 1 + 1/2. We use a tricky technique to find a self-consistent solution for the paired state with an energy gap. 
The most hardest problem in the quantum Hall system is to derive a low-energy effective theory from the microscopic 
Hamiltonian, because we do not know a small parameter used in the perturbation expansion a priori. Therefore we 
have to choose a starting point by consideration of symmetry and physical intuition based on experiments. In the 
present case, we maintain the translational symmetry on the von Neumann lattice and choose the striped state as the 
normal state. 



Let us divide the mean field Hamiltonian (2.26) into two parts as 



-ffmean — H + Hi, (4.1) 

H ^= I cos p y a^p)a(p), (4.2) 

and Hi is treated as perturbation to Hq = —Hi + H meaa . Self-consistency is imposed for Hq first and correction from 
Hi is included next. Hi represents the anisotropy in the stripe state or normal state in which the uniform direction 
is chosen in the y direction. In the striped state at the half-filling, the Fermi sea is formed at \p y \ < 7r/2, which is 
shown in Ref. (D| In this case the Fermi surface (line) is formed at p y = ±7r/2. It is expected that the paired state 
possesses the same anisotropy as the normal state. In Ho, the nearest- neighbor (N-N) hopping parameter becomes 
t — 2£(o,i) = t + t(o,iV Then the self-consistent hopping parameter satisfies 

*x = -26c[{iC„ + t M }, A(p)]. (4.3) 

The N-N hopping parameter is renormalized as t' = t + t(o,i) in Hq. Including the first order correction of H±, the 
effective hopping parameter becomes t c g =t' — t = i(o.i)- The parameter t controls the effective N-N hopping strength 
dynamically. The magnitude of t e g corresponds to the strength of the stripe order. 
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We truncate the expansions of Eqs. ( p.l| ) and (3.15) and calculate the self-consistent solution by iteration of 
numerical calculations until we obtain convergence. Considering only the lowest and next relevant terms, the effective 
Hamiltonian for the quasiparticle in the striped and paired state is given by 

#eff= / ■^{e c g{p)a\p)a{p) + \A c g{p)a\-p)a\p) + \Al Si {p)a{p)a(~p)], (4.4) 

Jbz ( 27T r 2 2 

where the effective hopping potential and effective gap potential are given by 

e e g(p) = -t oS cospy - t( 0j3 ) cos3p y , (4.5) 
A c g(p) = c^4 3) (p) + 4 3) 4 3) (p). (4.6) 



A K I K (2) 

In using Eqs. (4.5) and (4.6), ip n and cos((2to+ l)p x + np y ) terms are irrelevant and cos(2m,p x + 2np y ) terms induced 
in e e g give a negligible correction to the numerical results. The t dependence of t e g is determined self-consistently by 
i c ff = — 2£( 0i i)[i + ^cff> ^(o,3) i c i i c 3 ]• The t dependence is implicit in the effective theory. The hopping parameters 
t{o,n) an d gap potential A c g (p) depend on t c g explicitly. We use the following approximation 

«itf = — r~ , (4.7) 



which is satisfied in the stripe phase with only the N-N hopping term. We checked that Eq. (4.7) was good approxi- 
mation using the obtained convergent solutions. 

Chemical potential /i is determined so that the filling factor v\ is equal to 1/2. Note that fi includes the on-site term 
in -ffmoan- We find that [i is negative small number on the order of 10~ 4 at most. The gap potential A c ff (p) depends 
on t e g. Figure (7) shows the t e g dependence of the energy gap AE = mm(2E(p)) at v = 1 + 1/2. The maximum 
value of the energy gap is 0.027 at t cS = 0.03. In this case, t (0j3 ) = -0.0003, cf ) = 0.0104, cf 3 = -0.0018, and 
[i = —0.0006. The energy spectrum of the quasiparticle at t c g = 0.03 is shown in Fig. (8). The absolute value of the 
gap potential at t c g = 0.03 is shown in Fig. (9). The excitation energy E(p) becomes small around p y = ±tt/2, which 
is the Fermi surface of the striped state. The transition to the stripe phase is continuous and very smooth. Near the 
transition point, the behavior of energy gap is approximated by t e ge~ 27Tt,!!! ^ Fl \ , whose non-perturbative dependence 
on the coupling is well-known in the BCS theory. At mxF = m c ~ 1.4, F\ behaves as a(m c — ttitf) as seen in Fig. (4), 
and the energy gap approaches to zero as 

AE(xt c ge (*c-*eft> , for t oS < t c , (4.8) 

where t c « 1/-Km c w 0.2. The energy gap is extremely small at 0.1 < t c g < t c . At t c g > t Cl the gap potential vanishes 
and the compressible striped state is realized. The spectrum of the striped state is uniform in the p x direction. This 
state is regarded as a collection of the one-dimensional lattice Fermion systems and leads to the anisotropy of the 
magnetoresistance Q. 

Inspecting the energy spectrum of quasiparticle in the pairing phase, we find a crossover phenomenon at t e g ~ 0.01, 
that is, the minimum excitation energy min(£'(p)) is placed around p y = ±7r/2 at 0.01 < t c g < i c , whereas at 
< t c g < 0.01, placed around p y = and n. We call the latter case the gap-dominant pairing phase. In this phase, 
the low-energy excitation occurs around zeros of the gap potential and the the energy gap is given by 2£(0). Therefore 
the t e g dependence of energy gap AE becomes linear at < t c g < 0.01 The energy spectrum at t c g ~ 0.01 is shown 
in Fig. (10). As seen in this figure, the spectrum is close to the flatband and the stripe order is weakened compared 
with Fig. (8). 



V. SUMMARY AND DISCUSSION 



We propose an effective Hamiltonian which describes the striped and paired state at the half-filled Landau levels. 
The gap potential and screening mass are determined self-consistently in the Hartree-Fock-Bogoliubov approximation 
scheme. The energy spectrum of the quasiparticle and energy gap are calculated numerically. 

The very smooth transition from pairing to stripe phase occurs at t c g = t c . In other words, the stripe order strongly 
suppresses the pairing order at 0.1 < t e g < t c . The energy gap becomes maximum at t e g = 0.03 and the maximum 
value is 0.027g 2 /a = O.Olg 2 /^ (Ib = y/W^B) which is the same order as Morf's value Q. The experimental value 
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at v = 5/2 is smaller than the theoretical one by an order of magnitude 0). This difference could be explained by 
effects of disorder and finite thickness of 2D layer, which reduce the energy gap p2j. The regions of small t e s and 
0.1 < t c ff < t c have another possibility to explain the experiment. In our model, the crossover is obtained for small 
t G ff. This suggests that the stripe order is destroyed by the pairing order and the system becomes isotropic in the 
gap-dominant pairing phase. 

The electric charge of the quasiparticle is a half of the electron charge and the Hall conductance is quantized as 
e 2 /2h. The results are consistent with the recent experiment. However, we do not know whether correction to the 
quantized Hall conductance is finite or zero. Related to this subject, U(l) breaking effect in the PT violating system 
is studied in |2l|]. Whether the Hall conductance in the paired state is topological invariant or not is an interesting 
future problem. 

It is possible to consider a pairing mechanism based on the composite fermion picture p3fl . However, it is unclear 
that the composite fermion picture is applicable to the second and higher Landau levels. It rather seems that the 
compressible stripe state Jll| which has an anisotropic Fermi surface is the normal state at the half-filled second and 
higher Landau levels in the Hartree-Fock approximation and numerical calculations of small systems |]l9| , |l3| . In fact, 
the transition from the paired state to striped state is observed in the presence of an inplane magnetic field [flBI . 
Furthermore Ref. |24|] suggests that the Chern-Simons gauge fluctuations are strongly pair breaking. Controversially, 
a superfluid state at the half-filling Hall state is proposed |^5| on the basis of the dipolar liquid picture of the composite 
fermion pfjj. 

Relation between our model and the Pfafnan state is not understood yet. Our effective Hamiltonian for the striped 
and paired state resembles the effective Hamiltonian proposed by Read and Green |2?j , which has the Pfafnan state 
in the weak pairing phase. However their normal state has the isotropic Fermi surface, which is reminisce nt o f the 
composite Fermion theory, and is different from our anisotropic one. The p-wave behavior seen in Eqs. (3.9) and 
( |3.10 ), on the other hand, is in common with the Pfafnan state. In our case, A(p) becomes c x p x + ic y p y , c y 3> c x in 
the long wave length limit p — > 0. 

More experimental and theoretical studies are needed to decide the symmetry of the gap potential and to understand 
the underlying physics at the half-filled second Landau level. To compare the theory with experiments quantitatively, 
effects of the Landau level mixing, finite temperature, finite thickness of 2D layer, and inplane magnetic field need to 
be included in the calculation. Furthermore, Josephson effect, vortex excitations, and edge states in our model are 
important future subjects. 
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Fig. 1. The ttitf dependence of v (0, 1), v (1, 1), and v (0, 2) for I = 0. The unit of energy is q 2 /a. The same 
unit is used in all other figures. 
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Fig. 2. The mxF dependence of pseudopotentials Fi, F 3 , and F 5 for I = 0. 




Fig. 3. The m T F dependence of (0, 1), u H1 * (1, 1), and v Ht (0, 2) for / = 1 
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Fig. 4. The totf dependence of pseudopotentials F 3 , and F5 for Z = 1. 
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Fig. 6. The ttjtf dependence of pscudopotentials Fi, F 3 , and F 5 for I = 2. 
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Fig. 7. The t e g dependence of the energy gap AE for I = 1. Crossover occurs at £ e ff ~ 0.01. The energy gap becomes 
maximum at t e s w 0.03 and vanishes at i c ff ~ 0.2. 
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Fig. 8. Spectrum of the quasiparticle E(p) at t c e = 0.03 for I = 1. 




Fig. 9. Absolute value of the gap potential |A(p)| at t e g = 0.03 for I = 1. 
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Fig. 10. Spectrum of the quasiparticle E(p) at t e s — 0.005 for 1 = 1. 
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